Abstract. Let Γ be a discrete group. To every ideal in ∞ (Γ) we associate a C * -algebra completion of the group ring that encapsulates the unitary representations with matrix coefficients belonging to the ideal. The general framework we develop unifies some classical results and leads to new insights. For example, we give the first C * -algebraic characterization of a-T-menability; we provide new examples of "exotic" quantum groups; and, after extending our construction to transformation groupoids, we improve and simplify a recent result of Douglas and Nowak [6] .
Introduction
Since their introduction by von Neumann, amenable groups have played an important role in many areas of mathematics. They have been studied from a variety of perspectives and in many different contexts, and a vast literature is now devoted to them. More recently, the concept of an amenable action of a (non-amenable) group was introduced by Zimmer, and subsequently developed by many authors. An elementary connection between these theories is the fact that every action of an amenable group is an amenable action. Less obvious, but equally well-known, is that if a group acts amenably on a compact space fixing a probability measure then the group itself is amenable.
This last fact is the launching point of a recent paper by Douglas and Nowak [6] , in which, among other things, they introduce conditions on an amenable action sufficient to guarantee that the group acting is a-T-menable -in other words, that it admits a metrically proper, affine isometric action on a Hilbert space. An amenable group is a-T-menable, so that one may imagine hypotheses involving existence of a quasi-invariant measure together with conditions on the associated Radon-Nikodym cocycle. Precisely, suppose a discrete group Γ acts amenably on the compact Hausdorff topological space X, and that µ is a probability measure on X which is quasi-invariant for the action. Define upper and lower envelopes of the Radon-Nikodym cocycle by ρ(x) = sup s∈G ds * µ dµ (x), and ρ(x) = inf s∈G ds * µ dµ (x);
here, s * µ is the translate of the measure µ by the group element s, and ds * µ/dµ is the RadonNikodym derivative. Douglas and Nowak show that if ρ is integrable, or if ρ is nonzero, then
The first named author was partially supported by DMS-0856197. The second named author was partially supported by DMS-0349367.
the group Γ is a-T-menable. They ask whether amenability of Γ follows from either of these conditions. In this note, we shall prove that this is indeed the case. See Corollary 5.12 and surrounding discussion.
Our initial result lead us to the following question: if one wishes to conclude a-T-menability of Γ, what are the appropriate hypotheses? To answer this question, we introduce appropriate completions of the group ring of Γ, and of the convolution algebra C c (X G) in the case of an action. Precisely, for every algebraic ideal in ∞ (Γ) we associate a completion -for ∞ (Γ) we recover the full C * -algebra, for c c (Γ) we recover the reduced C * -algebra, and for c 0 (Γ) we obtain new C * -algebras well-adapted to the study of a-T-menability and a-T-menable actions. Our results in this context are summarized:
Theorem. Let Γ be a discrete group acting on a compact Hausdorff topological space X. Let C * c 0 (Γ) and C * c 0 (X Γ) be the completions with respect to the ideal c 0 (Γ). We have:
Further, under the hypotheses of Douglas and Nowak, Γ is a-T-menable if and only if its action on X is a-T-menable.
Apart from this theorem, and ancillary related results, we develop some general aspects of our ideal completions. We study when an ideal completion recovers the full or reduced group C * -algebra and give examples when it is neither -this gives rise to 'exotic' compact quantum groups. We recover a standard characterization of amenability -equality of the full and reduced group C * -algebras -we obtain the characterization of a-T-menability stated above, and we characterize Property (T) in terms of ideal completions.
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Ideals and C * -completions
Throughout, Γ will denote a (countable) discrete group and D ∞ (Γ) will be an algebraic (not necessarily norm-closed) two-sided ideal. If π : Γ → B(H) is a unitary representation and vectors ξ, η ∈ H are given, the ∞ -function
is a matrix coefficient (function) of π. The map associating to a pair of vectors their matrix coefficient function is sesquilinear; concretely, given finitely many vectors v i , w j ∈ H, if we set ξ = α i v i and η = j β j w j then we have
In particular, if a linear subspace of ∞ (Γ) contains the π v i ,w j then it contains π ξ,η as well. 
since D is an ideal; further, such simple tensors have dense span in H ⊗ K. Every translation invariant ideal in ∞ (Γ) contains the ideal c c (Γ). It follows that the ideal completion with respect to a translation invariant ideal surjects onto the reduced group C * -algebra of Γ. 
s ∈ Γ} we see that H 0 is dense in H and that the matrix coefficients coming from vectors in H 0 belong to D.
Proof. Apply the following simple observation to a faithful
Corollary 2.9. The following assertions hold.
(Γ) (extending the identity map on the group ring).
there is a surjection (extending the homomorphism φ)
Proof. Both statements are immediate from the proposition. The first is also equivalent to the inequality, · D 1 ≤ · D 2 , which is immediate from the definitions.
We close this introductory section by looking at several basic examples. Our first example is trivial, since both algebras in question satisfy the same universal property. Proposition 2.10. For every discrete group Γ, the completion with respect to the ideal
Proposition 2.11. For every discrete group Γ and every p ∈ [1, 2] the completion with respect to the ideal p (Γ) is the reduced group C * -algebra:
Proof. This follows from the Cowling-Haagerup-Howe Theorem (cf. [5] ): if π : Γ → B(H) has a cyclic vector v ∈ H and π v,v ∈ 2 (Γ), then π is weakly contained in the regular representation.
1 Indeed, fix a nonzero x ∈ C * p (Γ). We can find a cyclic p (Γ)-representation π such that π(x) = 0 -simply restrict a faithful p (Γ)-representation to an appropriate cyclic subspace. Since π is weakly contained in the regular representation, x cannot be in the kernel of the map C * p (Γ) → C * r (Γ).
1 Actually, for the Cowling-Haagerup-Howe Theorem it suffices to have π v,v ∈ 2+ε (Γ) for all ε > 0. Thus, the proposition generalizes to the ideal D := ∩ ε>0 2+ε (Γ), with exactly the same proof.
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It follows from functoriality (part (1) of Corollary 2.9) that if a translation invariant ideal D is contained in
. This applies, in particular, to the ideal of finitely supported functions. In contrast, the ideals p (Γ) for finite p give rise to the universal group C * -algebra only if Γ is amenable.
Proposition 2.12. If there exists p ∈ [1, ∞) for which C * (Γ) = C * p (Γ), then Γ is amenable. In the proof, and at a number of places below, we shall use the notion of a positive definite function: recall that h : Γ → C is positive definite if for every s 1 , . . . , s n ∈ Γ, the matrix [h(s i s
-representation π and, taking an infinite direct sum if necessary, we may assume π(C * (Γ)) contains no compact operators. In this case, Glimm's lemma implies that π weakly contains the trivial representation. Thus, let v n be unit vectors such that π s (v n ) − v n → 0 for all s ∈ Γ. Approximating the v n 's with vectors having associated matrix coefficients in p (Γ), we may assume π vn,vn ∈ p (Γ) for all n ∈ N. Since π vn,vn are positive definite functions tending pointwise to one, we conclude that Γ is amenable.
Remark 2.13. In the previous proof we have used the following elementary fact: if there exist positive definite functions h n ∈ p (Γ) for which h n → 1 pointwise, then Γ is amenable. Lacking a reference, we provide the following argument. For k larger than p the functions h k n are positive definite, converge pointwise to one, and belong to 1 (Γ) ⊂ C * r (Γ). To get finitely supported functions with similar properties, consider f n ∈ C(Γ) which approximate the square roots of the h k n in the norm of C * r (Γ), so that h k n is approximated by the finitely supported positive definite function f * n * f n .
Positive definite functions and the Haagerup property
Though very simple, the proof of Proposition 2.12 suggests a general result. We begin with a lemma isolating the role of translation invariance. determines a state on C * (Γ) -it is the composition of ϕ and the completely positive Schur multiplier C * (Γ) → C * (Γ) associated to h n , cf. [3] . Since the norms of the ϕ n are uniformly bounded, we have that ϕ n → ϕ in the weak- * topology. Also, it's clear that ϕ n | Γ ∈ D since it is the product of h n and ϕ| Γ . So the previous lemma implies the GNS representations associated to the ϕ n are D-representations, concluding the proof.
It has been open for some time whether the Haagerup property (≡ a-T-menability, see [4] ) admits a C * -algebraic characterization. The previous theorem easily implies such a characterization, which is perfectly analogous to a well-known fact about amenable groups. To see the parallel, we isolate two more canonical ideal completions. Further, since C exist positive definite functions h n ∈ D converging pointwise to one. Since Γ has Property (T) they converge uniformly to one. Thus, some h n is bounded away from zero, and so is invertible in ∞ (D). Conversely, suppose that Γ does not have Property (T). Let
|f (s)| = 0 for every finite F ⊂ Γ }.
One readily checks that D is a proper, translation invariant ideal in ∞ (Γ). We shall show that C * D (Γ) = C * (Γ). By Theorem 3.2 we must exhibit positive definite functions in D converging pointwise to one. Since Γ does not have Property (T) there exists an unbounded, conditionally negative type function ψ on Γ; the desired functions are h n = e −ψ/n .
Quantum groups
Recall that a compact quantum group is a pair (A, ∆) where A is a unital C * -algebra and ∆ : A → A ⊗ A is a unital * -homomorphism satisfying the following two conditions:
(1) (∆ ⊗ id A )∆ = (id A ⊗ ∆)∆, and (2) ∆(A)(A ⊗ 1) and ∆(A)(1 ⊗ A) are dense subspaces of A ⊗ A.
2
The map ∆ is the co-multiplication and the first property is called co-associativity. Discrete groups provided an early source of examples of quantum groups. Indeed, the assignment ∆(s) = s ⊗ s on group elements determines a co-associate map
and one can check that ∆(
A is a C * -algebra containing C[Γ] as a dense subalgebra and for which ∆ can be extended continuously to a map A → A ⊗ A, then A is a compact quantum group. Every discrete group gives rise to two canonical compact quantum groups: the universal property ensures that A = C * (Γ) is a compact quantum group whereas Fell's absorption principle implies that A = C * r (Γ) is a compact quantum group. Anything between these extremes is considered 'exotic' (cf. [9] ). The purpose of this section is to provide examples of such exotic compact quantum groups. Proof. We must show that
Since D 1 is proper and translation invariant, and Γ has Property (T) the first inequality follows from Proposition 3.6.
To prove the second inequality, suppose to the contrary that C * D 1
(Γ) = C * r (Γ). Applying (2) of Corollary 2.9 we obtain a * -homomorphism Free groups also provide natural examples. We thank Rufus Willett for suggesting the proof of the following result.
Proposition 4.4. Let F be a free group on two or more generators. There exists a p ∈ (2, ∞) such that C * (F) = C * p (F) = C * r (F). Proof. Since F is not amenable, Proposition 2.12 implies that C * (F) = C * p (F) for all finite p. We must find some p such that C * p (F) = C * r (F). Let S ⊂ F be the standard generating set and let | · | denote the corresponding word length. A seminal result, first proved by Haagerup [8] , states that for every n ∈ N, h n (s) := e −|s|/n is positive definite. Clearly h n → 1 pointwise. Fixing n, we have h n ∈ pn (Γ) for sufficiently large p n ; indeed if p n is chosen so that |S| < e pn/n , or equivalently |S|e −pn/n < 1, then
Let π n : C * pn (Γ) → B(H n ) be the GNS representations corresponding to h n , and let v n ∈ H n be the canonical cyclic vector. Since since h n (s) → 1 we see that π n (s)v n − v n → 0, for all s ∈ Γ. Hence the direct sum representation ⊕π n weakly contains the trivial representation. It follows that we cannot have C * pn (Γ) = C * r (Γ) for all n -otherwise ⊕π n would be defined on NEW C * -COMPLETIONS OF DISCRETE GROUPS 9 C * r (Γ) and nonamenability prevents the trivial representation from being weakly contained in any representation of C * r (Γ). Remark 4.5. Extracting the crucial ingredients from the previous proof, we see that the phenomenon presented there is very general. Indeed, suppose that Γ is an a-T-menable group admitting an N-valued conditionally negative type function ψ satisfying an estimate of the following form: there exists C > 0 such that for every k we have
Taking h n (s) = e −ψ(s)/n the above proof applies verbatim to show that C * p (Γ) = C * r (Γ) for some p. This applies, for example, to non-amenable Coxeter groups -the word length function corresponding to the standard Coxeter generators satisfies the hypothesis for ψ [2] .
Remark 4.6. It seems possible that the algebras C * p (F) are mutually non-isomorphic for p ∈ (2, ∞). For this it would suffice to know that for every p > 2, there is an p -representation that is not weakly contained in any q -representation, for any q < p.
Topological Dynamical Systems
Let Γ be a discrete group, and let X be a compact Hausdorff space on which Γ acts by homeomorphisms. Thinking of transformation groupoids, let C c (X Γ) denote the convolution algebra of compactly supported functions on X × Γ. We shall represent elements of this algebra as finite formal sums f s s, where each f s ∈ C(X); we shall view Γ as a subset of the convolution algebra in the obvious manner. Recall that a function h : X × Γ → C is positive definite if for each finite set s 1 , . . . , s n ∈ Γ and point x ∈ X, the matrix Proof. For f ∈ ∞ (Γ) we have that f ∈ D ⇐⇒ |f | ∈ D -this follows from the polar decomposition f = u|f |, in which u ∈ ∞ (Γ) is the unitary of 'pointwise rotation'. Now, fix two functions f , g ∈ C(X) and two group elements s, t ∈ Γ. Let v denote the canonical image of f s in the GNS Hilbert space; similarly let w denote the image of gt. Since the linear span of such elements is dense, it suffices to show π v,w ∈ D, where π denotes the GNS representation. By the first paragraph, and our assumptions on D and H, it suffices to show |π v,w | is bounded above by a constant times some translate of H. This, however, is a straightforward calculation.
With the previous lemma in hand, the proof of the following result is very similar to its analog in the group case, Theorem 3.2 -use Schur multipliers to approximate arbitrary states by vector states. Whereas Theorem 3.2 was an 'if-and-only-if' statement, we do not know if the converse holds. 6. An action of Γ on X is amenable if there exist positive definite functions h n ∈ C c (X Γ) such that h n → 1 uniformly on compact sets; it is a-T-menable if there exist positive definite functions h n ∈ C 0 (X Γ) such that h n → 1 uniformly on compact sets.
Remark 5.7. Just as every action of an amenable group is amenable, every action of an a-Tmenable group is a-T-menable. Indeed, if h ∈ c 0 (Γ) is positive definite, then a computation confirms that the functionh ∈ C 0 (X × Γ) defined byh(x, s) = h(s) is as well. The assertion now follows easily from the definitions. (X Γ) denote the ideal completion associated to the ideal of functions vanishing at infinity.
We draw several corollaries, the analogs of of Corollaries 3.4 and 3.5 in the group case. Again, whereas Corollary 3.4 was an equivalence, the converse of the first corollary is open.
Corollary 5.9. Let Γ be a discrete group, acting on X. If the action is amenable then
Proof. Immediate, noting that the ideals c 0 (Γ) and c c (Γ) are hereditary.
Corollary 5.10. Let Γ be a discrete group, acting on X. If the action is amenable then every covariant representation (that is, * -homomorphism C * (X Γ) → B(H)) is weakly contained in a c c -representation; if the action is a-T-menable then every covariant representation is weakly contained in a c 0 -representation.
Proof. In the case of an amenable action, the hypothesis implies that C * (X Γ) = C * cc (X Γ), and C * cc (X Γ) has a faithful c c -representation. For an a-T-menable action systematically replace c c (Γ) by c 0 (Γ) throughout.
Corollary 5.11. Let Γ be a discrete group acting on X. Let π : C * (X Γ) → B(H) be a covariant representation for which π| Γ weakly contains the trivial representation of Γ. We have:
(1) the action is amenable if and only if Γ is amenable; (2) the action is a-T-menable if and only if Γ is a-T-menable. The proof is completed by recalling that Γ is amenable (respectively, a-T-menable) if and only if there is a c c (Γ) (respectively, c 0 (Γ))-representation of Γ weakly containing the trivial representation.
To close, we return to the result of Douglas and Nowak described in the introduction. Suppose a discrete group Γ acts on X, and that µ is a quasi-invariant measure on X (in other words, elements of Γ map µ-null sets to µ-null sets). For each element s ∈ Γ the Radon-Nikodym derivative is the non-negative, measurable function ρ s satisfying Corollary 5.12. Let Γ be a discrete group acting on X, with quasi-invariant measure µ. Suppose the representation of Γ on L 2 (X, µ) weakly contains the trivial representation. We have:
(1) the action is amenable if and only if Γ is amenable; (2) the action is a-T-menable if and only if Γ is a-T-menable. In particular, such an action of a non-a-T-menable group can never be a-T-menable.
This result, which follows immediately from the previous corollary, generalizes Theorem 3 and Corollary 4 of Douglas and Nowak [6] -the hypotheses of their results imply the existence of a non-zero fixed vector in L 2 (X, µ), namely the square root of ρ or ρ, as appropriate. See [6, Lemma 6] .
For invariant probability measures we get an analogue of a well-known amenability result.
Corollary 5.13. Let Γ be a discrete group acting on X, with invariant measure µ. The action is a-T-menable if and only if Γ is a-T-menable. In particular, no measure-preserving action of a non-a-T-menable group can be a-T-menable.
Proof. The constant functions in L 2 (X, µ) are invariant for Γ.
